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INTRODUCTION 
IN THIS article we deal with the classical problem about a number of prescribed singularities 
on a plane algebraic curve of a given degree. We present constructions of real plane 
algebraic curves of a given degree with arbitrary singularities. In particular, we get 
irreducible curves of degree d with any number of real cusps between 0 and d2/4 + O(d). 
It is well-known [9] that for any positive integers d, m satisfying 
m I (d - l)(d - 2)/2, (0.1) 
there is an irreducible curve of degree d in @P2 with m nodes as its only singularities. The 
same for real curves [2], although in this case the relation of numbers of knots (type 
x2 - y2 = 0), of single points (type x2 + y2 = 0) and of imaginary nodes was unknown in 
general (Viro [13] constructed curves with only single points). For other singularities, 
mainly there are results on complex curves: some constructions of curves with nodes, cusps 
and ordinary singularities (see [3], and so on), and upper bounds on numbers of nodes and 
cusps by a quadratic function of the curve degree [6,8, 123, different from the classical 
Pliicker’s estimates. 
Here we give the complete solution of the problem on real nodal curves (sec. 2): namely, 
any distribution of knots, single points and imaginary nodes satisfying (0.1) can be realized 
by an irreducible real curve of degree d. Also we give an asymptotically complete solution of 
the problem on curves with independent nodes and cusps (sec. 3, 4). At last, we construct 
real curves with a prescribed collection of singularities, given up to local equivariant 
diffeomorphism (sec. 5). Our method is based on the theory of glueing of algebraic curves 
(sec. l), on the independence of singularities deformations and on one Hirschowitz’s result 
about non-speciality of some linear system of plane curves (sec. 5). 
From now on the term “curve” means a polynomial F and a locus in P2 defined by 
F = 0. 
1. THE GLUEING OF SINGULAR CURVES 
In this paper we use the suggested in [lo] modification of the Viro method [13-l 5-J. The 
Viro theorem [13-153 claims: if you have real curves satisfying some conditions then there is 
a real curve, which is a topological glueing of the initial curves, and whose Newton polygon 
is a union of Newton polygons of these curves. The modification [lo] allows to preserve 
singularities in this construction. Here we apply this result for construction of curves with 
nodes and cusps (see sec. 2-4) as follows: we find “elementary curves” with more or less 
simple Newton polygons and prescribed collections of singularities, and then we get 
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a desired curve with an arbitrary singularities collection by glueing suitable elementary 
curves. 
Now let us recall needed notions and statements (see [lo, 13-151). 
Dejnition 1.1. Let z E@P’ be an isolated singular point of a curve F c CP2, and 
D c CP* be the sufficiently small ball centred at z. The topological type of the pair 
(D, D n F) we call the type of’ singular point z E F (or singularity). The topological type of 
the triad (D; D n F, D n IwP2) is called the reul type of singuhr point ZE LQP’ (or real 
singularity). Under the multiplicity of F at z we mean the minimal intersection number of the 
germ of F at z with a non-singular curve passing through z (in other terms this notion is 
defined in sec. 5). 
DeJinition 1.2. Let z be an isolated singular point of a curve F. If z is zero-modal we put 
b(z) = p(z) - 1, where p is a Milnor number. If the modality of z is positive we consider the 
tree I7 of infinitely near points in full resolution of z. A point z’ E n is called terminal, if it is 
non-singular for an exceptional divisor E and for the corresponding strict transform F * of 
F. Let us remove from II all points following terminal points. Put b(z) = b1 + bz - b3, 
where b1 is the sum of multiplicities of all non-terminal points from II, bz is the sum of 
intersection numbers of E and F* at all terminal points, and b3 is the number of terminal 
points. 
Let us illustrate this definition by some examples. So, nodes and ordinary cusps are 
zero-modal (see Cl]), and then for a node p = 1 and b = 0, for a cusp p = 2 and b = 1. An 
ordinary singular point of multiplicity r 2 4 (this is an intersection point of r non-singular 
local branches with distinct tangents) has a positive modality [l]. Such a singularity can be 
resolved by one blowing-up. Namely, after the blowing-up we obtain r non-singular 
branches meeting the exceptional divisor transversally at distinct points. All these intersec- 
tion points are terminal, hence b, = hz = b3 = r, and, finally, b = r. 
Dejinition 1.3. For any isolated singular points z, let c(z) denote a codimension of the 
equisingular stratum in the versa1 deformation base of z (that is {p = constj-stratum). This 
number is called a regular codimension of equisingular stratum, or “a number of conditions 
imposed by a given singularity”. Singular points z,, . . . , z, of a curve F are called 
independent in a space R 2 {F ) of curves, if germs of equisingular strata in (R, F), corres- 
ponding to zl, . . . , z,, are smooth, have regular codimensions and intersect transversally. 
So, returning to the previous examples, it is well-known that for a node c = 1, and for 
a cusp c = 2. Also, an ordinary r-fold point in a fixed position imposes c + 2 = r(r + 1)/2 
linear conditions on coefficients of a curve. 
Definition 1.4. Let F(x, y) be a polynomial with a non-degenerate Newton polygon A. 
The sum FY of monomials from F(x, y) corresponding to a certain edge y c A is called 
truncation of F on the edge y. The polynomial F is called peripherally non-degenerate (PND) 
if each truncation F y has no multiple factors (except x, y). By S(F) we denote the 
singularities collection of the curve F \ {xy = 0). 
Let 
F~(x, Y) = C AijX’yj, k = 1, . . . 2 N 
(i. j)eAk 
(1.5) 
be PND real polynomials with Newton polygons A,, . . , AN. Assume that A,, . . . , AN 
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form a convex realizable polyhedral subdivision (or simply regular subdivision), namely: 
(i) A1 u * . * v AN = A is a convex polygon, 
(ii) Ak n Ai is empty, or a common vertex, or a common edge of Ak, A,, if k # 1, 
(iii) there is a convex function v: A -+ Iw linear on any Ai, . . . , AN, and non-linear on any 
union Ak v Ai, k # I. 
Remark 1.6. It follows from (1.5) that Fg = F{, if y = Ak n A, is a common edge. 
THEOREM 1.7. [lo]. ZfS(F,), . . . , S(F,) consist of only nodes then there is a real PND 
polynomial F with the Newton polygon A such that S(F) is the disjoint union of 
SW,), . . . , S(F,). 
Now let G be a graph of adjacency relation of the polygons Ai, . . , AN (actually, this is 
a graph dual to the subdivision Ai u. . . u AN = A.: its vertices correspond to the polygons 
Al,..., AN, its arcs correspond to pairs of polygons with a common edge). Denote by 
Y the set of oriented graphs with the support G, which contain no oriented cycles. It is not 
difficult to see that 9 # 8. 
THEOREM 1.8. [lo]. Assume thatfor any k = 1, . . . , N, the curve Fk\ (xy = 0) is irredu- 
cible, and for some r E 9 
c b(a)<C(card(y,nZ2)- l), k= 1,. . . , N, 
ass(Fk) 
(1.9) 
where Yk runs through all edges Of Ak, which do not correspond to arcs of r outgoing from L&. 
Then there exists a real PND polynomial F with Newton polygon A such that S(F) is the 
disjoint union of S(F,), . . . , S(F,), and all singular points from S(F) are independent in the 
space C(A) of curves with the Newton polygon A. 
COROLLARY 1.10. Under conditions of Theorem 1.8 it is possible to smooth prescribed 
singularities from S(F), preserving all other singularities, by a suitable small variation of F in 
the space C(A). 
Remark 1.11. Proofs of Theorems 1.7, 1.8 [lo] imply that local branches of the curve 
F with centres on coordinate axes correspond one-to-one to local branches of F, , . , FN 
determined by edges of A. 
Remark 1.12. Proofs of Theorems 1.7, 1.8 [lo] are published only in Russian. Therefore, 
I think it is necessary to make some comments. Namely, I want to explain the main idea. We 
look for the desired curve F defined by a modified Viro formula 
where t > 0 is small enough, v is a convex function from condition (iii) above, and 
,Zij = A, + O(t), (i,j) E A, are holomorphic functions. We include naturally each curve Fk, 
k=l,..., N, in the space C(d) of affine curves of a big enough degree d. By means of 
a suitable transformation (x, y) H (xt’, yt5) the curve F can be represented as a deformation 
of any curve Fk. Hence the problem is to find functions A”ij such that this deformation 
preserves all singularities from U S(F,). The basic point of the proof is the following 
statement obtained by means of Riemann-Roth theorem (see [l 11): for any k = 1, . . . , N, 
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under conditions of Theorems 1.7, 1.8, the germ at Fk of the equisingular stratum in C(d), 
corresponding to singularities from S(F,), intersects transversally the subspace of curves 
with the Newton polygon Ak and fixed truncations on edges of Ak, corresponding to arcs of 
I outgoing from Ak. Then it is not difficult to deduce the existence of ~ij from the implicit 
function theorem. 
2. CONSTRUCTION OF NODAL CURVES 
Here we consider curves with S(F) consisting of only nodes. Any glueing of such curves 
is allowed by Theorem 1.7. 
Let the symbol F ~(a, b, c) (or F E A@, b, c)) mean a PND polynomial F with S(F), 
consisting of a knots, b single points and 2c imaginary nodes (and also with a Newton 
polygon A). Let T, = { (0; 0), (d; 0), (0; d)) be the Newton triangle of a general curve of the 
degree d. If F E T,(a, b, c) is irreducible, then 
a + b + 2c I (d - l)(d - 2)/2 
according to the Plucker formula [16]. 
(2.1) 
THEOREM 2.2. For any non-negative integers a, b, c satisfying (2.1) there is an irreducible 
curve F E T,(a, b, c) of degree d. 
Let us make some comments before the proof. The classical constructions of real nodal 
curves are based on the following 
THEOREM 2.3. (Brusotti [2]). If F is a plane real nodal reduced curve, then it is possible to 
smooth prescribed real nodes and pairs of imaginary nodes, preserving all other nodes, by 
means of a suitable small variation of F in the space of real curves of the same degree. 
Using this theorem it is easy to get curves F E T,(a, 0, c) for any a, c 2 0 satisfying (2.1). 
Namely, let d be even, then there are d/2 real tonics, whose intersection points are distinct 
real. Moving these tonics in the real plane we can substitute a prescribed even number of 
real intersection points for imaginary ones. Finally, by means of Theorem 2.3, we can 
smooth suitable intersection points of the tonics union and obtain the desired curve. But 
this approach is not enough for curves with single points, and we have to use the glueing 
technique. 
Proof of Theorem 2.2. According to Theorem 2.3 it is enough to study the case 
a + b + 2c = (d - l)(d - 2)/2 
We’ll use induction on d. All nodal curves of degree I 4 are well-known [ 181, and we 
suppose d 2 5. 
Step 1. Assume b = 0, c 2 2d - 7. Then 
a + 2(c - 2d + 7) = (d - 5)(d - 6)/2, 
therefore, there is a curve Q E Td_.+(a, 0, c - 2d + 7). Using Theorem 2.3 we obtain the 
desired curve F by smoothing two imaginary nodes of the curve 0 u C2 u conjC2, where C2 
is an imaginary conic without real points. 
Step 2. Assume b = 0, d - 3 < c I 2d - 8, then a 2 2. Since 
(a - 1) + 2(c - d + 3) = (d - 3)(d - 4)/2, 
REAL PLANE ALGEBRAIC CURVES 849 
there is a curve @E T,_, (a - l,O, c - d + 3). Also there is a real conic Cz meeting @ 
exactly at two real points, because a - 1 2 1. Using Theorem 2.3 we smooth one of real 
points in CD n Cz and obtain the desired curve FE (a, b, c). 
Step 3. Assume b = 0, c 5 d - 4. 
PROPOSITION 2.4. For any q 2 0 there exist curves lJ,, U,’ E (q( q - 1)/2,0,0) with the 
Newton triangles ((0; l), (0; q + l), (q + 1; 0)}, {CO; O), (0; q + l), (q; l)} respectively. 
Proof We get the curves 17: by glueing the curve yF,, where F4(x, y) 
= 1 + x&x) + y$(x, y) is a union of different real straight lines in general position, with 
curves 
G - = y(1 + xv(x)) + x4+ ‘, G + = y(1 + x&x)) + 1 n 
Let H = y + (x - 1)(x - 2). . . . .(x - d + 2). Evidently, there are real straight lines 
L1, L2 meeting H exactly at 2[c/2] and 2 [(c + 1)/2] imaginary points respectively. The 
glueing of l_J, 1 and H gives us a curve cp ~((d - 3)(d - 4)/2,0,0). Smoothing two real 
points in cp A (L, u L2) we get the desired curve F from the curve cp u L1 u L2. 
Step 4. Assume b 2 1, c 2 d - 3. Since 
a + (b - 1) + 2(c - d + 3) = (d - 3)(d - 4)/2, 
there is a curve cp E Td_z(a, b - 1, c - d + 3). Let L be a general imaginary straight line. 
Then we obtain the desired curve F from the curve cp u L u conjL by smoothing two 
conjugate points in cp n (L u conj L). 
Step 5. Assume 1 I b 5 d - 4, c s d _ 4. 
PROPOSITION 2.5. For any triangle T with integral vertices ( p1 ; l), ( pz + p; 2), ( pz - p; 0) 
and card(IntTn Z2) = q, there is a curve f E T(0, q, 0), and also, if q is even, a curve 
q E T(0, 0, q/2). 
Proof A curve with Newton triangle T can be obtained from a curve with Newton 
triangle { (0; 2) (q + 1; l), (0; 0)) by a birational transformation remaining S(f) (or S(g)). 
Then f is an image of 
y2 + 2yP,+,(x - 2) + 1 = 0, 
where Pq+ r (x) = cos(( q + 1)arccos x) is the Chebyshev polynomial, and g is an image of 
y2 + 2yP,+ 1 (x&i,J-I - 1 = 0. n 
Remark 2.6. It should be noted that truncations of polynomialsf, g on edge [( p2 + p; 2), 
(p2 - p; 0)] of Newton triangle T are products of real factors linear in y. 
Now introduce the following polygons: 
(i) quadrangle t = ((0; 0), (0; 2), (d - 1; l), (d; O)}; 
(ii) triangles T,_ 1 _zi = ((0; 2i), (d - 2i + 1; 2i - l), (d - 2i - 1; 2i + l)}, 1 I i I (d - 1)/2, 
(iii) triangles Td_z_zi = {(O; 2i), (0; 2i + 2), (d - 2i - 1; 2i + l)}, 1 I i I (d - 2)/2. 
The corresponding curves from Proposition 2.5 we denote by f (T,), g(T,). 
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To get the desired curve F we have to glue curves 
f(Tb), U;+lyd-b-‘, E = (-l)b+d, 
into a curve of type (b(b - 1)/2, b, 0) and then to complete the construction as in the third 
step. 
Step 6. Assume b 2 d - 3, 2~ 5 d - 2, 
PROPOSITION 2.1. For any non-negative integers u, j?, y satisfying 
a+/l+2y=d-2, 
there is a curue of type 7(1x, fl, y). 
Proof: According to Proposition 2.5 there is a curve G E ~(0, d - 2,0). The statement 
follows from the method to substitute (A) a single point for a knot, or (B) two single points 
for two imaginary nodes. Realize the Cremona transformation 
x0 = xix;, xi = x;x;, x2 = x&x\, (2.8) 
supposing that the multiplicity of G at (1, 0,O) is d - 2, and (0, 1, 0), (0, 0, 1) are single points 
of G. According to [16] the proper image G* of G has multiplicity d - 4 at (1, 0, 0), touches 
the line xb = 0 and meets the line x’, = 0 at two imaginary points. Let us turn the line x’, = 0 
round the point (1, 0,O) so that to substitute the pair of imaginary intersection points with 
G* for a pair of real ones, or let us substitute lines .x; = 0, xi = 0 for a pair of imaginary 
conjugate lines through (1, 0,O). And then we realize the transformation 
xb = x1x2, x; = x0x2, x; = xoxi. 
It is easy to see that the first operation is (A), the second one is (B). n 
If b = (d - 3) + (d - 4) + . . . + 1 + b’, b’ 2 0, then the desired curve F ~(a, b, c) is 
a glueing of curves cp ~$a, b’, 2c),f(T,), 1 _< q I d - 3. 
Let b = If;: i, where d - 3 2 q > 1. Then the desired curve F E Td(a, b, c) can be glued 
from curves cp ET(d - 2 - 2c,0,2c),f(Ti), d - 3 2 i 2 q, U:yd-4-‘, E = (-l)qtd+‘. 
Let b = xf:,’ i + b’, where d - 3 2 q > 1, q > b’ > 0. Without any loss of generality we 
assume that upper edge of T4 is [(O; d - q - 2), (q + 1; d - q - l)]. According to Proposi- 
tion 2.5 there is a curve cpl ~(0, b’, 0) with Newton triangle 
((0; d - q - 2), (q + 1; d - q - l), (2r; d - l)}, 
where r = q - b’. According to 2.6 the truncation of the polynomial cpi on the edge 
[(O; d - q - 2), (2r; d - l)] has two real factors y + sxr, y + tx’. Therefore the curve 
(p2 = (y + s(x - l).. . . .(x - r))(y + t(x - 1). . . . .(x - r))ydpqe2 
with Newton triangle ((0; d - q - 2), (2r; d - q), (0; d - l)} is of the type (2r, 0,O). Now put 
q3 = ~~‘y~-~-*(uy(x - l).. . :(x - q + 2r) + l), 
where x2’yd-q- ’ (uxqp2’ y + 1) is a truncation of the polynomial pi on the edge [(2r; d - q), 
(q + 1; d - q - l)]. Glueing curves qni , (p2, cpJ,f(Ti), d - 3 2 i 2 q, and a curve of the type 
7(d - 2 - 2c, 0,2c) we obtain a curve 
F’ E((d - l)(d - 2)/2 - q( q - 1)/2, b, c) 
with Newton polygon ((0, 0), (0, d - q), (q; d - q), (d; 0)). According to 1.10 a truncation of 
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a polynomial F’ on the edge [(O; d - q), (q; d - q)] is, evidently, a product of real linear 
factors. Hence a curve F E Td(a, b, c) can be obtained by glueing F’ with a relevant curve 
F,yd-4 from the proof of Proposition 2.4. 
Step 7. Assume b 2 d - 3, d - 2 < 2c I 2(d - 4) and d is odd. Then 
2c - (d - 3) I d - 2. 
Now (1) if b>d-2-(2c-d+3), we have to glue curves g(T,_,), cpu 
(0, d - 2 - (2c - d + 3), 2c - d + 3), or (2) if b < d - 2 - (2c - d + 3), we have to glue 
curves g(Td_3), cp ~r(d - 2 - b - (2c - d + 3), b, 2c - d + 3). Then we complete our 
construction as in the 6th step. 
Step 8. Assume b 2 d - 3, d - 2 < 2c 5: 2(d - 4), and d is even. Then 
2c - (d - 4) I d - 2. 
Now (1) if b - (d - 3) 2 d - 2 - (2c - d + 4), we have to glue curves g(T,,_4),f(Td_3), and 
40~7(O,d-2-(2c-d+4),2c-d+4),or(2)ifb-(d-3)<d-2-(2c-d+4),we 
have to glue curves g(T&4), f(Td_3), and ~~~~(d-2-(b-d+3)-(2c-d+4), 
b - d f 3, 2c - d + 4). Then we complete our construction as in the 6th step. 
3. CONSTRUCTION OF CUSPIDAL CURVES 
A number of ordinary cusps (type x2 + y3 = 0) of an irreducible (complex) curve of 
degree d does not exceed 5d2/16 [6,8]. On the other side, there are curves with a big number 
of cusps. 
Example 3.1. (Ivinskis [S]). Let F(x,,, x1, x2) be a sextic curve dual to a non-singular 
cubic. It has 9 cusps. Then the curve q = F(xk,, x:, x”,) of degree d = 6k has 9k2 = d2/4 
cusps. However cp has at most d real cusps, and also it is unknown whether these cusps are 
independent. Therefore, we cannot say, which numbers N E (0; d2/4) of cusps can be realized 
by curves of degree d. 
Example 3.2. (Zariski [17]). Let F, G be non-singular real curves of degrees 2k, 3k 
respectively, which intersect at 6k2 different real points. Then the curve H = F 3 + G2 of 
degree d = 6k has a real cusp at each point from F A G. However, it is not difficult to show 
that all these 6k2 = d2/6 cusps are dependent, when k 2 3. Therefore, again we cannot 
guarantee that all intermediate numbers of cusps are realized. 
We state the problem to find the number 
K(d) = maxjnlfor any N E[O; n] there is a real curve 
of degree d with N real cusps as its only singularities} 
For small d we have: K(1) = K(2) = 0, K(3) = 1, K(4) = 3 [18], K(5) = 5 [4], 
K(6) = 7 [7]. 
THEOREM 3.3. If d 2 7 then 
K(d) 2 P(d) = 
(d2 - 3d + 4)/4, if d = 0,3(mod4) 
(d2 - 3d + 2)/4, if d = 1,2(mod 4) (3.4) 
TOP 32:4-L 
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Remark 3.5. Inequality (3.4) can be rephrased as a sufficient condition 
d2 - 3d + 4 
0<2k< 2 (3.6) 
for the existence of curve of degree d with exactly k real cusps. Our construction gives 
independent cusps, and it should be noted that the estimate (3.6) is exact asymptotically, 
because in the left hand side we have the number of conditions imposed by cusps, and in the 
right hand side we have (asymptotically) the dimension of the space of curves of degree d. 
Proof of Theorem. We use below construction 1.8, therefore it is enough 
a curve of degree d with P(d) real cusps. 
PROPOSITION 3.7. There exists a real curve (p+ with Newton quadrangle 
t+ = ((0; I), (1; O), (2; O), (1; 2)}, 
to construct 
with S(cp+) consisting of one real cusp, and with prescribed coejticients at y, x, x2, or at 
y, XY2, x2. 
Proof: Let us take a real cuspidal cubic C3 and a projective coordinate system such that 
(1; 0; 0), (0; 1; 0), (0; 0; 1) E Cs, the line xi = 0 touches C3 at (0; 1; 0). Then in affine coordi- 
nate system x = x1/x0, y = x2/x,, we obtain the desired curve (p+ . Corresponding pre- 
scribed coefficients can be achieved by transforming (x, y) H (Ax, py) and multiplying q + by 
a suitable constant factor. a 
We note that the curve q_ (x, y) = q+ (x-l, y-‘)x3y2 with Newton quadrangle 
r_ = { (2; 0), (1; 2) (2; 2) (3; l)} holds analogous properties. 
The union r+ u r_ is a hexagon with vertices { (0; l), (1; 2), (2; 2), (3; l), (2; 0), (1; 0)). 
Consider a natural covering of plane by such hexagons (including r+ u r_). Now we 
introduce the covering of plane by quadrangles t+ , z- dividing every hexagon like the 
initial hexagon r + u t_ . Let us take all quadrangles from this covering, which lie in the 
Newton triangle T,, and then we order these quadrangles in the following way: 
(1) for each quadrangle T parallel to T +, we fix a vertex (i(r);j(r)) corresponding to the 
vertex (1; 0) of r,; 
(2) for each quadrangle r parallel to z _ , we fix a vertex (i(r); j(r)) corresponding to the 
vertex (2; 0) of r_ ; 
(3) put r’ < r”, if j(r’) < j(r”), or i(z’) -C i(r”), when j(r’) = j(r”). 
Let ri, . . . , ‘tN be all the above defined quadrangles. It is not difficult to compute that 
N = P(d) (3.8) 
Also, it is easy to see that a subdivision of Td consisting of ri. . . . , ‘fN and triangles 
t1,. . . , t,, which cover Td\ u zi, satisfies conditions (i)-(iii) from sec. 1. Note that each 
quadrangle rk has at most two common edges with ri, . . . , zk _ 1, and these edges corres- 
pond to vertices indicated in Proposition 3.7. That means we can find cuspidal curves 
91,. . .Y (PN with Newton quadrangles fi, . . . , TN and non-singular curves 11/i, . . . , I),,, 
with Newton triangles tl, . . . , t,, satisfying condition 1.6. Finally, we orient arcs of the 
graph I in the direction from rk to r1 u . . . u q‘_ 1 for any k = 1, . . . , N. Then the curves 
collection {pk > u {$i] satisfies the conditions of Theorem 1.8, because b = 1 for ordinary 
cusp and for any rk, there are at mOSt two arcs of I outgoing from rk. This COIr@2teS the 
proof. 
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4. CONSTRUCTION OF CURVES WITH NODES AND CUSPS 
The best known upper bound on numbers a, a of nodes and cusps of a curve of degree 
d is (see [6, 81) 
9 5d2 
s 
a+2lXI---. 
8 
Our result is 
THEOREM 4.1. For any non-negative integers a, b, c, u, /?, satisfying 
a + b + 2c + 2cr + 48 I g + O(d) (4.2) 
there exists an irreducible real curve of degree d with the following independent singularities: 
a knots, b single points, c pairs of imaginary nodes, a real cusps, and j? pairs of imaginary cusps. 
Remark 4.3. Estimate (4.2) is asymptotically exact for curves with independent singular- 
ities. 
Proof of Theorem 4.1. We shall use the constructions from the above sections and the 
following new construction. 
PROPOSITION 4.4. There exists a real curve 
Ic/ + (x9 y) = 1 AijxiYj 
with Newton quadrangle co+ = ((2; 0), (0; l), (2; 2), (4; 0)) with S(ll/ + ) consisting of two 
imaginary cusps, and with the following properties: 
(i) A30 = AJ1 = 0; 
(ii) AZOA22 < 0; 
(iii) the non-zero coefJicients A 01, Azo, Ad,, can bejixed arbitrarily with a single condition 
Azo Ad0 < 0, or the non-zero coeficients Aol, A22r A,* can be$xed arbitrarily with a single 
condition A22A40 -C 0. 
Proof. The desired curve can be defined by 
$+(X,Y) = cp+(X2,Y), 
where (p+ is a curve from Proposition 3.7, whose cusp lies inside the half-plane x < 0. The 
last condition is just provided by restrictions to coefficient signs, indicated in the Proposi- 
tion 4.4 formulation. l 
Also note that the curve I/_ (x, y) = cp- (x2, y) with Newton quadrangle w- = ((4; 0), 
(2; 2), (4; 2), (6; I)} holds analogous properties. 
Repeating the construction from the proof of Theorem 3.3 we can consider analogous 
covering of plane by quadrangles o+ , w_ , then choose and order quadrangles ol, . . . , wN 
lying inside G, and, finally, find curves $I) . . . , J/N with Newton quadrangles ol, . . . , wN 
satisfying property 1.6 (that is provided by coefficients properties (i), (iii) from Lemma 4.4). 
Also we introduce an analogous orientation of the graph r. In this case each curve qk 
satisfies the conditions of Theorem 1.8, because in the left hand side of (1.9) we have 2, and in 
the right hand side of (1.9) the contribution of edges of ok, which do not correspond to arcs 
of r outgoing from ok, is at least 3. 
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Fix integers dl, d2 such that 0 < dl -C dz < d. Consider the subdivision of T, into 
(1) triangle t = ((0; d), (0; d2), (d - d,; d,)}, 
(2) quadrangles TV+ 1, . . . , TV+= from the proof of Theorem 3.3 lying just in the stripe 
dI I j -C d2, 
(3) quadrangles w 1, . . . , ofi lying just in the stripe 0 < j < d 1, 
(4) suitable triangles t 1, . . . , t,,covering Td\(tu7,+1u.. .u7,+,uolu.. .cI+). 
It is easy to see that this subdivision satisfies properties (i)-(iii) from sec. 1, and we can 
glue a curve F E t(a, b, c), curves (ps+ 1, . . . , cp,+ II, I), , . . . , I)~ and non-singular curves 
with Newton triangles tl, . . . , t, into a curve of degree d having 
a + b + 2c = (d - d, - l)(d - d2 - 2)/2 nodes and c( + 2fi cusps, indicated in the assertion 
of Theorem 4.1. At last, we note that all these singularities are independent according to 
Theorem 1.8, and the expression in the left hand side of (4.2) is equal to the area of 
tuT,+lu.. .uz,+.uw,u.. . u cop minus O(q), and hence is equal to q2/2 + O(q). 
5. CONSTRUCTION OF CURVES WITH ARBITRARY SINGULARITIES 
The best expected estimate, which might provide the existence of a curve of degree d with 
independent singularities S1, . . . , S,, is 
f: c&) 5 ; + O(d), 
k=l 
(5.1) 
where c(S) is a “number of conditions imposed by S” introduced in Definition 1.3. 
However, getting such an estimate by the formal union of conditions, imposed by singular- 
ities, is hardly possible, because it is very difficult to prove the system of these conditions 
gives a curve without additional degenerations. We give an estimate similar to (5.1) with 
other invariants of singularities. 
First we introduce one more notion. A type of a real singular point or of a pair of 
imaginary conjugate singular points given up to local analytic equivariant diffeomorphism 
we shall call D-singularity. It is easy to see that D-classification of singular points is more 
thin than the equivariant topological one (see Definition 1.1). More precisely, in a base of 
a versa1 deformation of a singular point the points of the same topological type form 
(p = const}-stratum, and the points of the same D-type form a substratum of codimension 
equal to the modality of the initial singular point (see Cl]). 
THEOREM 5.2. For any collection {S,, . . . , S,} of D-singul ari les and for integer d satisfy- t’ 
itI (P(Si) + 4)(P(si) + 5, 5 q 
there exists a real irreducible curve of degree d with exactly n singular points of D-types 
(5.3) 
s 1,. . . , S, respectively. 
Proof. Our idea is to construct a curve with points of sufficiently big multiplicities, and 
then to deform this curve so that to realize the desired singularities. 
Let us recall needed facts on singularities deformation. Let RP”, n = d(d + 3)/2, be the 
space of real plane curves of the degree d. Let F E RP” be a reduced curve and 
Sing(F) = S, u S2, where S, n S2 = 0, and S1, S2 are invariant with respect to complex 
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conjugation conj. If z = (0; 0) in some affine coordinate system (x, y), then F(x, y ( z) denotes 
the polynomial, which defines the curve F in this affine plane. The minimal order k of 
a non-vanishing k-jet of F (x, yl z) is equal to the multiplicity mult(z, F) of F at the point 
z (see [16]). Put 
D(z) = (0 E UW”Imult(z, @) 2 mult(z, F) - i}. 
Let T(z), z E Sing(F), mean the tangent cone at F to the germ of locus of curves @ E RP” 
with a singular point in some sufficiently small neighbourhood of z. 
PROPOSITION 5.4. (see [l I]). For any z E Sing(F), 
T(z) = {@ ElRP”lZ EO). 
PROPOSITION 5.5. (see [ll]). Linear varieties 
D(z), 2 E Si/conj, T(w), w ESZ/conj, 
intersect transversally in RP”. 
Put m, = mult(z, F) - 2, z E Si. 
COROLLARY 5.6. For any suficiently close to zero polynomials P,(x, y), z ES~, with 
properties 
degP,<m,, z~Si, 
conj P, = Pconj(z,, z E SI, 
there exists a close to F curve @ E RP” satisfying the following conditions: 
(1) m,-jet of@(x, y)z) is equal to PJx, y), z ES1, 
(2) 0 is non-singular outside some neighbourhood of St. 
If F(x, y) = 0 defines D-singularity S at (0; 0) then the equation 0(x, y) = 0 with the 
same (p(S) + l)-jet defines the same D-singularity at (0; 0) (see Cl]). Therefore, according to 
Corollary 5.6, it is enough to construct a reduced curve of degree d, satisfying (5.3), with 
points Zi Of multiplicities mUlt(Zi) 2 p(Si) + 3, 1 I i I n. 
PROPOSITION 5.7. For any integers kt 2 . . . 2 k, 2 4 there exists a real reduced curve of 
degree at most 
9 2 i (kt + l)(k, + 2)} 
i=l 
with some points z,, . . . , z, of multiplicities 
mUIt 2 ki, 1 < i 5 n. 
Proof According to Hirschowitz’s theorem [S], under condition (5.3), there are points 
21,. . . 7 z, such that the linear system of curves of degree 6 with multiplicities 
mult(zi) 2 ki + 1, 1 5 i I n (5.8) 
is non-special, or equivalently its dimension is 
S(6 + 3) ” (ki + l)(ki + 2) 
----c 2 i=l 
2 . 
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That means inequalities (5.8) impose independent conditions on curves of degree 6. Hence 
there is a real curve F of degree S holding properties: 
(i) mult(zi, F) = ki, 1 I i I n, 
(ii) for each point zi, 1 I i I n, a ki-jet of F(x, yJzi) is equal to 
with different real 1:). 
That implies multiple components of F do not pass through points zl, . . . , z,. Then we 
obtain the desired curve by removing multiple components from F. n 
Finally, in order to obtain a real reduced curve of degree d with multiplicities 
mult(zi) 2 ki = p(Si) + 3 we should add a suitable number of real straight lines in general 
position to the curve from Proposition 5.7. 
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